Supplementary Material

I. EXAMPLES OF DISTRIBUTIONS v

The Dirichlet distribution for v is specified by a choice of k € Z>; and & = (a—g, ..., ax) € Rikoﬂ.
It assigns probability density proportional to H.I;:_ L §(J) to each vector & = (£(—k),...,&(k)) €

R, satisfying 252716 £(4) = 1. Then, we set £(i) = 0 for ¢ ¢ [—k, k] so that £ is defined on Z. Note
that a sample £ under v defines a probability distribution on Z due to the imposed normalization
and non-negativity. When o; =1 for all =k < j < k, we call the resulting Dirichlet distribution
uniform (k) since (€(—k),...,£(k)) is uniformly distributed over vectors in R that sum up to 1.

The normalized i.i.d. distribution for v is specified by a choice of k € Z>1 and a choice of prob-
ability distribution on R>. Let X_j,..., X} be chosen independently according to the specified
probability distribution, and then define £(i) = Xi(Z?:—k X;)7t for i € [—k, k] and £(i) = 0 oth-
erwise. Such ¢ are normalized to sum to 1 and are non-negative, and hence define a probability
distribution on Z. When the X; are Gamma distributed with parameter «, the resulting measure
on & matches the Dirichlet distribution with «; = a.

The random delta distribution for v is specified by k € Z>;. Two numbers X;, X, are drawn
uniformly without replacement from {—k,...,k}. We set £(X71) = £(X2) = 1/2 and £(i) = 0 for all
1 # X1, Xo.

II. CONVERGENCE TO THE STOCHASTIC HEAT EQUATION

We begin by summarizing the results in the forthcoming work [I]. These results also follow from
[2]. We show that for N € Zwq, T € N~'Zsq and X € (2DN)~Y%(Z — cyT), the scaled moderate
deviations of the tail probability for a single random walker converges as N — oo:
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The convergence is shown in [I] at the level of the first two moments (stronger process-level con-
vergence is shown in [2]), and the limiting process Z(T, X) is the solution to the multiplicative
Stochastic Heat Equation (mSHE) with Z(0, X) = §(X) initial data:
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Here 7(T, X) is a space-time Gaussian white noise (i.e. E[n(T, X)] = 0 and E[n(T, X)n(T', X")] =
0(X — X")o(T — T") where § is the Dirac delta function). The noise strength is controlled by the
Einstein diffusion coefficient D defined in and eyt

At the full level of generality of RWRE models we introduced in the RWRE models section, [I]
(see also [2]) provides a somewhat involved formula for Aext:

B Var, (E€[Y])
XS AEAE+) - AW A =1

)\ext : (84)

The numerator here is defined in terms of Y, a random jump distributed according to . As in
, this numerator is equal to 2Dgy. The denominator requires more explanation. Consider two
random walks R and R? distributed according to the measure P (i.e., after integrating over the law
v of the environment). These walks are not independent as they are coupled to the same (integrated
out) environment—we call these the two-point motions as they have the law of two tracer particles
when the environment is hidden. Define the gap between them to be

A(t) = |RY(t) — R2(1)].

There exists a unique (infinite mass) invariant measure for V(t) := R(t) — R%(¢) and let pu(l) be
the mass assigned to | € Z with the normalization that (0) = 1 (see e.g., [3] for background on
invariant measures for Markov chains). The corresponding invariant measure for A(t) is therefore

_ 1 ifl=0
)= {2u(l) if1>0 (85)

This invariant measure can be understood physically as follows. Start two particles near each
other and let them diffuse in their common environment. After a relatively long time, measure the
distance between them. Repeat this for many different environments, thus building up a histogram
of the distances between these two-point motions. The typical distance will be large, but if we cutoff
to consider relatively short distances, and normalize the histogram to put weight 1 at distance 0,
then it will converge to i (I). A slightly different way that this same measure should arise is from
surveying the inter-particle distances over all particles in a many-particle diffusion. Normalizing
the histogram of these distances to be 1 at distance 0, will yield a histogram that converges to fi (1)
at distance [. This should hold for a single environment since the inter-particle distances (on the
short-scale that we are considering) will generally feel different parts of the environment, and hence
experience some averaging.

The denominator in is independent of ¢ and it has the interpretation as the expected change
in the two-point motion gap when started under its invariant measure. For large enough [ (since
we have assumed a finite range for the jump distribution) the expected change of the gap will be
zero and hence the sum will be a finite one.

We will show that Aext simplifies considerably for a wide class of distributions v in Section [VI]
and (before that) in the next section we will explain (in the spirit of [4, 5]) how we go from this
mSHE convergence result to our extreme diffusion theoretical predictions.

However, let us first briefly summarize the approach used in [I] to derive this mSHE convergence
result. First of all, is only demonstrated therein at the level of convergence of first and second
moments. Convergence of higher moments follows similarly as noted below. Since the moments of
the mSHE do not characterize its distribution, more work is needed, as in [2], to show convergence
in distribution, or convergence of the space-time process.
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The second moment of the LHS in can be expressed via a discrete Feynman-Kac formula in
terms of the expectation of the exponential of the self-intersection time for the two-point motion
(R, R?) under a tilting of the measure P (high integer moments involve higher order self-intersection
times). For the mSHE, all integer moments can be expressed in terms of the expectation of the
exponential of the pair local times at zero for independent Brownian motions (this is the replica
method, see [0 [7]). The k-point motion converges diffusively to k independent Brownian motions,
yet the discrete self-intersection time does not converge to the local time at zero for the Brownian
motions.

This failure of self-intersection time to local time convergence may seem surprising, but a very
simple example should convince the reader that such convergence is more subtle. For instance,
imagine two independent SSRWs, one started at 0 and one started at 1. They converge jointly to
two Brownian motions, yet their intersection time is always 0 (they are on different sublattices)
and hence does not converge to the local time at 0 for the Brownian motions.

A discrete version of the Tanaka formula—which, for a Brownian motion B, shows that |B(t)| =
fg sgn(B(s))dB(s) + L(t) where sgn(z) is the derivative of the absolute value function |z| (set
to be 0 at 0) and where L(t) is the local time at zero up to time t—is used in [I] to identify
the discrete quantity that converges to the Brownian local time L(t). That discrete local time
involves reweighting the expected change in distance between the two-point motion according to
its invariant measure. This allows us to identify the limit of the self-intersection time and leads to
the denominator in .

III. APPROXIMATING THE TAIL PROBABILITY

After taking logarithms in (SI]), we see that as N — oo
In(P*(R*(NT) >cyT + V2DN X))

_oenT  NViX ) i N4
(S6)

where A(T, X) = In(Z(T, X)) solves the KPZ equation with narrow wedge initial data and with
Aext-dependent noise strength (we now also include tildes on the X and T variables to simplify the
below change of variables),
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Defining h(T, X) = h(T, X) with T = (‘*;j%gf and X = (223§§°/2)~(, h solves the standard coefficient

KPZ equation
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We also have that as N — oo,
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Substituting this into (S6|) and using our transformation to the KPZ equation, we find

NY2T
In (IP5 <R1(NT) > N3/AT 4 ";3’(2713)2 + \/2DNX>)

NY2T  NVAX  NVAT N4 402 2Xex
~— - - UL h ext ’ +0O(T)
4D V2D 3(2D)3 V2D (2D)37 7 (2D)3/2
where m3 = 3, E, [€ (©)] i3. We now introduce the time ¢ := NT', velocity v := T''/4, and rescaled
position y = % Making these substitutions, we find
In (P& | RY(t) > wt¥/* + —2_02t'/2 + 2Dty
(2D)
v2 VY m /4 4?2 2\
~ ——tl/Q _ t1/4— 3 t1/4 1 h ext 4 ext O,
4D /2D sepp’ M\ Vap.) T\ @p)? (2D)3/2y +0)

IV. EXTREME FIRST PASSAGE TIME THEORETICAL PREDICTIONS

Here we derive asymptotic predictions for the means and variances of Envy , Sam? and Min? .
Much of this analysis follows from [5], where they derived predictions for the nearest neighbor case
with a uniform distribution.

We start by substituting y = 0 and L = vt*/* into such that

2 2 maL> t 4)2 L4 *
In (PE(RY(t) > L+ -2 N 1 hZet2 0)+0(=).
" ( ( B =L+ 55 10t 3ceope M\ vepr ) T\ eppe?) TO\ B
(S8)
We can now drop all subdominant terms as they will not contribute to the asymptotic predictions

(though they could offer some higher-order corrections that we do not probe here). This yields a
rougher approximation where we do not track the order of the error

In (B€ (R'(1) > L)) ~ — 1 + (?33553,0 . (59)

We now utilize the non-backtracking approximation P¢(R!(t) > L) ~ P¢(r;, < t) (as discussed in
[5]) as L gets large to yield

L2 4X2, I

We now substitute Envf into this equation, recalling that EHVILV is approximately the time ¢ such
that P&(r;, < t) = 1/N (in fact, the minimum time ¢ satisfying P¢(7;, < t) > 1/N though this
difference is negligible):

L? AN2, LA
—In(N) ~ — < +h Acxt 5.0 . (S11)
4DEnvy, (2D)3 (Envy)



5

We can solve this equation perturbatively for Env. The term —ﬁ in (S11)) is dominant for
large L, which yields the first-order estimate

L2
Envl TN = —— . S12
L IL T Y DIn(N) (812)

We now consider a small perturbation about T} such that EnvY = T} 46 where § < T} contains
the randomness of Envy . Substituting this into (S1I)), we find

L2 AN2 LA
—In(N) ~ — +h ext 0. S13
n(N) AD(T}Y +9) ((2D)3 (TV +6)° ) (513)

extL4
@Dy (TN +6)° @Dy (1Y)

L? L? L?
4D(TYN+6) ~ ~ aDTY + 4D(TY)?

As such we can solve for ¢, yielding

§ and a2 L* 4z

Since § K Tiv , We approximate —

5 L? b 42 L* 0) — L? b 3202, (In(N))? 0
~ 4DIn(N)? (2D)3(TN)3’ ")~ 4D1In(N)? L2 )
Therefore, the mean and variance of Envg is given by
N L
L* 3222 (In(N))?
Env) e — rext v . 1
Var (Envy)) (4D)21n(N)4Var (h ( T3 ,O)) (S15)

We now consider the limit where L > (In(N))3/2. In this limit, we simplify (S15) using the
small-time KPZ Gaussian approximation

s TS\ /4

h(s,0) ~ = — m( 2m) n <Z> G, (S16)

where G5 converges as s — 0 to a standard Gaussian, see for instance [8, [9]. Thus, for L >
Aext (In(N))3/2 we find

VorL?

Ny o
Var (EHVL) ~ )\extm.

(S17)

We now derive the distribution, and subsequently the mean and variance, for the randomness
due to sampling random walks, Samg . We begin by using the approximation, (1 + z)V =~ ¢*V for
< 1 and N — co. Therefore, for N — oo and small P%(77, < t), we approximate as

In (P*(Sam} > t)) ~ —NP4(r, < t+ Env} ). (S18)
Substituting yields
In (P¢(Sam} > t)) ~ —Nexp {LQ} (S19)
4D(t + Envy)
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where we have dropped all but the leading order term. We now assume Envg > t, which is

justified because, as we will show, E [Enviv ] > E [Samg ] When Env]LV > t, we approximate

(t4 Envy )l ~ 2 (1 - ﬁ) such that

~
N
Envy

P N L? tL?
In (P*(Sam} > t)) ~ —Nexp{ — 5 = 5 (- (520)
ADEnvy 4D (Envy )

Now replacing Envy with its leading order approximation, TN from (S12), we find

In (Pﬁ(SamJ,}' <t)) ~ —exp {—W} .

L2

By replacing EanLV with T/ we have assumed that Samg and Envg are independent since Samg
no longer depends on the randomness of Envg . Though likely theoretically justifiable, this approx-
imation is a fortiori justified by our numerics as shown in Figure [2| From this we find that —Samg
is Gumbel distributed with mean and variance

N1 o _ VL?
E[Sam7j | ~ IDIn(N )2 (S21)
274
Var(Sam? ) ~ _ T (522)

7 96D21In(N)*
where v ~ 0.577 is the Euler-Mascheroni constant. Notice that as L and N tend to infinity with
L>>In(N)*?, E [Sam] | < E [Env} | which justifies the approximation used in (S20).
We solve for the mean and variance of Min} by rearranging our definition of Samy such that
Ming = Samg + Envg. Since E [Samg] < E [Envg],

L2

E [Minf] ~ m

(S23)

Since Envy and Samy are independent, Var (Ming ) = Var (Samg ) + Var (Envg ) such that

w24 VorL?

. N\
Var (Ming) ~ Ge )i A 552 ()72

(S24)

in the limit L > In(N)3/2.

V. EXTREME LOCATION THEORETICAL PREDICTIONS

Here we derive asymptotic predictions for the means and variances of Enviv , Samiv and Maxiv .
As above, much of this analysis follows from [4], where they derived predictions for the nearest
neighbor case with a uniform distribution. The argument proceeds similarly to the first passage time
analysis. Starting at (S9), we substitute EnvY for the position L such that P§(R'(t) > L) = 1/N,
thus yielding

Env?)? 4N2, EnvY)"
—ln(N)%—( 4Dtt) +h< (;1())375;) 0. (525)



The first term on the right-hand side dominates and yields the first-order estimate
EnvY ~ X .= \/4DtIn(N). (S26)

We consider a small perturbation, §, about XN such that Envy = XN + ¢ where § < X}N.
Substituting this into (S25)) and only taking the highest order terms yields

Dt (8)2,In(N)?
5~ m(N)h( B ,o). (S27)

Therefore, the mean and variance of Env;' satisfy

E [Env, | ~ \/4DtIn(N) (S28)
Var (Env,') ~ %Var (h (w, 0)) : (S29)

2
When ¢ > %IH(N)z, we use the small argument expansion of the KPZ equation in (S16]) to
approximate

Var (Env,' ) & Aexy V27 DL (S30)

We now derive the distribution for the randomness due to sampling random walks, Samiv . For
N — oo and small Pé(R(t) < x + Env}), we approximate as

In(P*(Samy < z)) ~ —NP&(R(t) < z + Envl"). (S31)
Substituting yields
Ny2
In(P¢(Sam)’ < x)) ~ —Nexp {_@Cﬁ-fé;lzt)} (S32)

where we have only kept the leading order term of Pé(R(t) < z). We assume EnvY > z which
is justified because, as we will show, E [Enviv ] > E [Samiv ] We use this to approximate (z +
Env¥)? ~ (Env)¥)? 4 2Env) 2 such that

In(P(Sam? < 2)) ~ —Nexp {— (EZB:)Q - E;ﬁ:x} . (S33)
Replacing Enviv with its first-order approximation, X}V, in 7 we find
In(P¢(Samy < x)) ~ —exp {— lnj(jjj)x} . (S34)
Therefore, Sam} is Gumbel distributed with mean and variance
Elsant] ~ 1[5 (335)
Var(Sam?) ~ =Dt (S36)

6In(N)



Notice that as t — oo, E [Enviv ] >E [Samiv ] which justifies our approximation in (S33)).

We solve for the mean and variance of Maxiv by rearranging our definition of Samiv such that
Max = Sam!" + Env". Since E [Enviv] > E [Samiv],

E [Max; | ~ /4DtIn(N). (S37)

Since Enviv and Sam,{v are assumed to be asymptotically independent, Var (Maxiv ) =
Var (Enviv) + Var (Samiv) SO

w2 Dt
Var (Max," ) ~ Sl + Aext V21 Dt (S38)

when t > A2, In(N)2.

ext

VI. CALCULATING THE COEFFICIENT FOR SEVERAL DISTRIBUTIONS

We demonstrate that the coefficient Aext in the mSHE/KPZ equation limit (S1)) simplifies to the
expression in @D for a class of distributions v including those introduced earlier (i.e., the Dirichlet,
normalized i.i.d., and random delta distributions), as well as all nearest neighbor distributions.

A. General Model

We study the following class of distributions such that:
There exists some ¢ € (0,1) such that for all ¢ # j E, [£(1)€(5)] = cE, [E()] EL [£(5)] . (S39)

We will also initially assume that the difference walk V (t) = R*(t) — R%(t) (where R! and R? are
distributed according to P) is irreducible (i.e., V'(¢) can reach any location on Z when started from
0), although we will later also consider the nearest neighbor model in Section which does
not satisfy this condition as the difference walk V' (¢) in that case is restricted to the even integer
sublattice. A sufficient condition for V() to be irreducible is that

E,[€(i)] >0 for alli € {—1,0,1}. (540)

We compute Aext by simplifying the numerator and denominator of (S4)) in terms of ¢ and then
matching this to @ The numerator of (S4)) simplifies to

Var, (ES[Y]) = (1 - o)E, [£(i)] . (S41)

€L

Simplifying the denominator of (S4)) is much more involved. We do this in three steps. First, we
compute the invariant measure, 7 (!) and show that

_ 1 ifi=0
“(l):{% itiA0 (542)



Then we simplify the expression E[A (t 4+ 1) — A(¢) | A (¢) =] and show that (without using the
assumption ([S39)))

3l 3% ()< 1=0
BRI mamIAm == Z (=3~ D, € OIE (€G] 1>0 B
Lastly, we combine these two results to comp;te the sum over [ and show that
lf;E[A @+ =20 120 =170 =2 B 0. (344)

The invariant measure: We now compute the invariant measure for the walk V' (¢). The transition
probabilities of V' are given by

> kez B [§(R)E(k — j)] ifi =0
SeenEu [E(R)E, [€(k—j+14)] ifi#0. (S45)

Notice that if 4, j # 0, then by a change of variables, we have

p(i,§) =D By [§(k—j+ )] E, [€ (k)]

p(i,j) =P(V(t+1) =75 |V(t)=i) = {

keZ
=2 [¢ (R)] B g (F-i49))
kez
=p(j, ). (546)
It also follows from that
p(0,7) = ¢p(3,0). (547)

We claim that the unique invariant measure of V' (t) (up to multiplication by a constant coefficient)
is given by p(l) = ¢ for all I # 0 and ©(0) = 1. We check this by showing p(-) satisfies the detailed
balance equation,

w(@)p(i, j) = p(j)p(4,4) (S48)

for all i, j € Z. This also shows that the walk V(t) is reversible with respect to pu(-).

The detailed balance condition is clearly true for the case ¢ = j = 0, and for 7,5 # 0 it follows
from (S46). We now consider the case when ¢ = 0 and j # 0. Substituting pu(j) = ¢ and p(0) =1
into (S48]), we obtain

p(0,7) = ¢p(3,0),

which is true by (S47). Therefore, our claim that u(l) = ¢ for [ # 0 and 1(0) = 1 is justified.
It follows from ([S5|) that

] 1 ifi=0
'u(l):{Qc if i # 0 (549)
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as desired.

Simplification of the expectation value: We now simplify E[A (t +1) — A(t) | A (t) =] to show
it is given by (S43). For [ = 0, the two walkers R' and R? are both at the same site; therefore,
they use the same jump rate such that

EAE+1)—A®)[A)=01= > |i—jE, [£()0)],

1,jEL

which agrees with (S43)).
For | > 0, the two walkers R' and R? are at different sites; therefore, they use independent jump
rates such that

EAGE+)-A@) AW =1]= Y (I+i—jl-DE [E@]E, [£()]. (S50)

iJEL
We now break this sum up into two parts: when i — j| < [l and |i — j| > [. For |i —j| <, we

simplify

o i—j ifi>
l+i—j|—1=
i {j—i if i < j,

Therefore,

S (l4i— 4l = DE €GB, €G] =) (G — DBy [€DIE, [EG)] + > (6 — H)E, [§ ()] Ey [€ (5)]

li—j|<l i<j i>j

after swapping the indices of the second sum.
For |i — j| > I, we find

. i—j ifi>j
+i—j|—1=
i =l {j—i—2l if i < j

Substituting this into (S5H0)), we are left with

EAG+D)-A@)[A@=1]= Y (I1+i-jl-DE[E@D]E, ()]

li—jl>1

= Y (li=3DE [EDIE, ED)+ D (i — il —20E, [€ ()] E, [€ ()]
i—j>1 j—i>l

= Y (li—jl—DE, [§ ()] Ey [€ ()] -
li—j|>1

Thus, E[A(t+1) — A(¢) | A(t) =1] is given by (S43)).
Computing  Aext: We now compute Aexy using our formula for g (I) and
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E[A(t+1)—A(t) | A(t) =1]. Substituting (S49) and (S43), we find

ZE (1) =A@ AG=1aD=c 3 i B EGIE G + 25 3 (i i~ DE, [ (], [ ()
ijET 1=1 [i—j|> s
ey 3 -t~ DB € OB )
B (S52)

after combining the two sums. Now we break up the second sum over ¢ and j such that

ZE t+1)—A@)[A@)=1Ta)

where in the second step, we switch the order of the sums (which is justified by our assumption
that ¢ is finite range). Notice that since E, [£ (i)] does not depend on [ we can now evaluate the
sums over [. This yields

S EA(E+1)-A®)|A®) =c> Z (i—7)°E, [ (i) Ey [€ (5)] + Z(z‘j)QEyE(i)my[&(a‘)}]

=0 JEZ |i=7+1 1=—00
=cy (=) B [E(DE, ()]
i,jEL
=c Y (i + B, [£()]E, [€ ()]
i,jEL
=2 i’E, [£(i)]
i€z
after using » ., E, [£ ()] = 0. Thus, we find
Var, (E¢[Y]) _1-c
YLEAE+) AW [AWG=10a0) 2
We now match this to (9). We recall that D = 3., i°E, [¢ (i)] and that Dey = 1 Var, (E¢[Y])
where Var, (E¢[Y]) is given in (S41]). Therefore,
Deys o 1-c
2(D — Deyy)  2c

)\ext =

(953)

== )\ext . (854)

In the next several sections, we use the above simplification to derive Ay for several explicit
examples. See Table[[| for a summary.
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Dirichlet Distribution|Normalized i.i.d. Distribution|Random Delta Distribution |Nearest Neighbor Distribution
a 2k+1 2
c o c T 2(1 — 2E[w?])
1< 1 1 1
D — i “k(k+1 “k(k+1 =
2ai;kal ghk+1) ghk 1) 2
1 - 1 1
Dext| =——— i “k(k+1)(1 - —(k+1)(2k—1 2E[w?] — 1
| Ty 2o Sk +1)(1 - 0) Jg (b 1)(2k — 1) w?] — 4
N 1 1—c¢ 2k —1 4E[w?] — 1
ext 201 2c 2(2k + 1) 2(1 — 2E[w?])

TABLE 1. A summary of the relevant coefficients for the examples in Sections [VIB] [VIC] [VID] and [VIE]

B. Dirichlet distribution

We recall our definition of the Dirichlet distribution from Section[ll The Dirichlet distribution for
v is specified by a choice of k € Z>1 and & = (o, ..., k) € Rikoﬂ. It assigns probability density

proportional to H§=_k £(7)% to each vector £ = (£(—k),...,&(k)) € R’%O satisfying Z?z_k &) =1.
Then, we set £(i) = 0 for 7 ¢ [—k, k] so that & is defined on Z.
We have

E, [£(1)] =

0 else,

{f; for —k<i<k

and for ¢,j € Z, © # j:

B (6060 = 503 = o EOIE €O

It follows that (S39) and (S40) hold for the Dirichlet distribution with ¢ = ;%5 so that the Dirichlet
distribution falls into the general class of models considered above. Combining and (S41)), we
see that

k
1
Doyt = ———— 2.
ext 2@(@ T 1) i;k (671
We calculate the diffusion coefficient from its definition in ,

1 k
D= P .;k a;i?.
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Finally, we see from (S53) that

1
Aext = 5. (S55)

C. Independent and Identically Distributed Random Variables

We recall our definition of the normalized i.i.d. distribution from Section [l The normalized i.i.d.
distribution for v is specified by a choice of £ € Z>; and a choice of probability distribution on
R>g. Let X_p,..., X} be chosen independently according to the specified probability distribution,

and then define £(7) = Xi(Z§=—k X;)~t for i € [—k, k] and £(i) = 0 otherwise.
We have

. o for —k<i<k
E, [ (i)] = {gkﬂ o

and for ¢,j € Z, i # j:
c

(2k + 1)2
for some constant ¢ € (0,1). Therefore, (S39)) and (S40) are satisfied. Combining and ([S41)),

we see that

E, [§(0)¢0)] =

k

1-c
Dext 2]€—‘r Z k+1)(1—0)

We calculate the diffusion coefficient from its definition in ,

k
2k+ ; = ghth+1).

Finally, we see from (S53)) that

1—c
2¢

(S56)

)\ext =

D. Random Delta Distribution

We recall our definition of the random delta distribution from Section [l The random delta
distribution for v is specified by k¥ € Z>;. Two numbers X;, Xy are drawn uniformly without
replacement from {—k,...,k}. We set {(X1) = &(X2) =1/2 and £(¢) = 0 for all i # X7, Xo.

We have

. L for —k<i<k
E, [€()] = {gk“ o
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and for i,j € Z, i # j:
1
4k(2k + 1)

It follows that (S39) and (S40) are satisfied with ¢ = 2’“—“ Combining (10) and (S41)), we see that

E, [£(0)E0G)] =

Dext = %2k+1 }:z-— (k+1)(2k —1).

We calculate the diffusion coefficient from its definition in ,

1
D = ch(k+1).
Finally, we see from (S53) that
2k —1
Aext = = S57
C T 2(2k+1) (857)

E. Nearest Neighbor Distribution

We define the nearest neighbor distribution as follows. Let w be any random variable taking

values in the interval [0,1] such that Elw] = 3. We set £(1) = w, £(—1) = 1 — w and all other

£(i) = 0.
We have
E, [ (] =B, [6(-1)] =
and
E, [{(1)&(-1)] = 5 ~ El?]

It follows that is satisfied with ¢ = 2(1 — 2E[w?]); however, the walk V(¢) is no longer
irreducible. In fact, when started from 0, it remains restricted to the sublattice 2Z. Therefore,
() = 0 for all I ¢ 2Z, ;1(0) = 1 and u(l) = ¢ for I € 2Z. This slightly changes the analysis
performed above since up until now, we were assuming that p(l) = ¢ for all [ # 0. In particular,

(S52)) is replaced by

ZE t+D)-A@[AQ=0a0=c Y > (2-L=o)(i—jl-DE [E@DE, ()]

1€275¢ |i—j|>1

(958)

In other words, we are only summing over even integers [. This can be further simplified in the
same manner as above such that

ZE (t+1) =A@ AW =1a0) =Y PE €)= c.
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Note that this is simply half of what we obtained when summing over all integers instead of just
even ones. We can also see this more directly by noticing that E[A (t+ 1) — A(t) | A(t) =1 =0
for [ > 2. Therefore,

ZM(Z)EV[A(t+1)—A(t) A =1=E,[A({t+1)—A(t)|A(t)=0] =2(1 - 2E[w?]) =c.
1=0

We compute Var, (E¢[Y]) = 4E[w?] — 1 =1 — ¢ so that

. Var, (Ef[Y]) B AE[w?] — 1 C1-c
et = S BIAGT D AW [ AD=Ta0) 20 -2EWE) e )

This matches with the results in [I0]. Since D = 1/2, we have that

Var, (E¢[Y])
(2D — Var,, (E£[Y]))’

(S60)

)\ext =

which is twice that of the irreducible cases. Similar extensions are possible if V() is restricted to
other sublattices, but we do not write out the details here.

VII. UNITS OF VARIABLES

We now introduce a lattice spacing dzx and time step dt to understand the units of each variable.
We do this by rescaling space and time such that € dzZ and t € dtZ. Note, that the environment
is now defined on the new lattice meaning &; , is a probability distribution on dzZ. With the
rescaled space and time,

= O E M) (S61)
iedaZ

— ZLdt > R, [¢ (id)] (idz)? (562)
iE€EZ

- % > E, [¢ (ida)] i (S63)
i€Z

which shows D has units area per time. The extreme diffusion coefficient, Dy, has units of area
per time as well since

1 N ’
Dext - Tdt]EV ( Z Sz,t(2)1> (864)

i€da’Z

dx? R i
:TthV (Zfz’t(zdx)z> . (S65)

€L
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We show that Aey¢ should be a length scale via its definition in . Notice the numerator of
has units of area per time. The denominator has units of length per time since [ (1) is unitless and
E[A(t+dt) — A(t) | A(t) =1 is the change in the distance between two random walks in a single
timestep. Therefore, Aoyt has units length. By tracking the units in our simplification of Aeyt in
Section we find the simplified form of Mgyt in @ becomes

Dext do — 1 Varl, (EE [Y])

(D= Dex) 2 E, {Var£ (Y)] o (500

1
)\ext = 5
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