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Numerically discovered inherent states are always protocol dependent in jammed packings

Eddie Bautista

* and Eric I. Corwin®"

Department of Physics and Materials Science Institute, University of Oregon, Eugene, Oregon 97403, USA

® (Received 2 September 2025; revised 27 January 2026; accepted 20 February 2026; published 3 April 2026)

The energy landscape for soft sphere packings exists in a high-dimensional space and plays host to an
astronomical number of local minima in a hierarchical and ultrametric arrangement. Each point in the landscape
is a configuration that can be mapped to its inherent state, defined as the local minima that the configuration
will flow to under perfectly overdamped continuous dynamics. Typically, discrete in time dynamics are used to
computationally find local minima, but it is not known whether these algorithms are capable of reliably finding
inherent states. Here, we use steepest descent dynamics to find the distribution of the largest time step, Spes, Which
finds the inherent state. We find that 8y, is Weibull distributed. Additionally, for systems of N particles, Sy falls
rapidly with increasing N, with a functional form somewhere in between an exponential and inverse power law,
and is weakly dependent on d and ¢, where d is the packing dimension and ¢ is the packing fraction. We argue
that this rapid fall is due to saddle points in the energy landscape. Our results suggest that it is impossible, in
practice, to reliably find inherent states for systems of about 64 particles or more.
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I. INTRODUCTION

In finite dimensions, granular packings of soft spheres are
thought to exist in a low-density unjammed phase and a high-
density jammed Gardner phase [1,2]. Separating them is the
jamming transition, a random first-order, athermal phase tran-
sition [2-9]. Signatures of a fractally rough landscape have
been seen in finite-dimensional granular packings [10-13].
Thus, the energy landscape in the low-density phase is simple
and smooth, while that of the high-density phase consists of
a fractally rough set of hierarchical sub-basins within sub-
basins ad infinitum playing host to an astronomical number
of local minima [5,10,14-19].

Each point in the high-density landscape can be unam-
biguously mapped to its “inherent state,” which is defined as
the local minima that the configuration will flow to under
perfectly overdamped continuous dynamics [20-24]. These
dynamics are often approximated with various discrete in time
dynamics in order to computationally approximate the inher-
ent state. This mapping segments the landscape into individual
basins of attraction [21,25]. This segmentation of space allows
one to define the Shannon entropy for the landscape, which is
expected to control thermodynamic and statistical mechanical
properties of granular packings [21,26]. The typical method
for finding inherent states is to choose a time step (or equiv-
alent scale) for which the resulting minima are insensitive.
However, it is not known whether such methods can reliably
and reproducibly find the true inherent state for all starting
configurations. In this work, we demonstrate that, for suffi-
ciently large systems, they cannot. This suggests that prior
work relying on inherent states should be revisited. These
results place a computational limit on the use of the basin of
attraction method to study glasses.
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Here, we sample the energy landscape and flow to local
minima using steepest descent dynamics with systematically
varying time steps. We find that for every starting configura-
tion, there exists some time step above which the system falls
into a minima other than the inherent state. We find that the
value of this time step needed to find the inherent state decays
rapidly with particle number and is only weakly dependent on
packing fraction ¢ and spatial dimension d. We argue that the
strong correlation between time step and particle number is
due to saddle points in the fractally rough energy landscape.
We find that these constraints place limits on the computabil-
ity of inherent states, under any circumstances, to systems of
about N = 64 particles or fewer.

Many discrete numerical algorithms exist to find local
minima in the landscape. Some examples include CVODE
[27,28], the fast inertial relaxation engine (FIRE) [29,30],
the limited memory Broyden-Fletcher-Goldfarb-Shanno (L-
BFGS) scheme [31], and Steepest Descent [32]. Some
momentum-based algorithms, such as FIRE and L-BFGS,
have already been found to incorrectly identify inherent states
due to the introduction of an effective “noise” in the energy
landscape [33,34]. This noise causes the packings to jump
over small barriers in the landscape into neighboring minima.
In this work, we show that even first-order iterative algorithms
such as Steepest Descent are only able to find the inherent
state when using extremely small step sizes. We use the
steepest descent minimizer because it is the simplest and best
understood minimizer, thus ensuring any behavior we find is
due to the energy landscape and not the complexities of the
minimizer.

II. MODEL

We simulate N harmonic soft spheres in a d-dimensional
box of side length 1 with periodic boundary conditions. The
total energy of a system composed of spheres with locations
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{X;} and radii {r;} is defined as
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where © is the Heaviside function necessary for a contact
potential. In this work, we chose a harmonic potential, which
is not infinitely differentiable at the points of contact. At
large packing fractions, and far away from contact changes,
this potential behaves analytically. As such, we expect our
results to apply broadly to the kinds of contact potentials
relevant to jamming. However, future work should explore
the extent to which the results presented here may be affected
by the (non)analyticity of the energy landscape, perhaps us-
ing the spherical p-spin model as an example of an analytic
landscape.

The dynamics to reach an inherent state are defined as

o{x:)
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We discretize these dynamics to form a steepest descent (SD)
minimizer with a fixed time step § as

Kips1} = X} = VU ({xis D), 3)

where {X;,t} is the position of all particles at time step .
Throughout the minimization, § is kept constant.

=—-VU({x:}). 2)

III. METHODS

An energy landscape is uniquely defined by the packing
spatial dimension d, particle number N, and the set of particle
radii {r;}. To prevent crystallization in d = 2, we use radii
drawn from a log-normal distribution with a polydispersity
(ratio of standard deviation to mean) equal to 0.25. In higher
dimensions, we use monodisperse radii, as there is no sponta-
neous crystallization. For a given landscape, we sample 1000
random initial states uniformly across the space. We choose
to start at random initial states, which can be interpreted as
infinite-temperature configurations, so that we can employ a
flat measure across the entire energy landscape.

For each initial state, we minimize the packing energy
using the steepest descent dynamics in Eq. (3) as implemented
by the PYCUDAPACKING software [35-37], a GPU-based
sphere packing minimizer. We use time steps ranging from
8 = 107 to 1072 in natural units. We chose 10~ as our lower
limit because of time and resource constraints. Steps larger
than 1072 tend to overshoot minima or diverge at high rates,
therefore making them unsuitable for exploration.

For each choice of §, a given initial configuration can, in
principle, minimize to a different final state in the energy
landscape. However, many values of § will minimize the
initial state to the same minimum, as shown in Fig. 1. To
determine whether two minima are the same, we find that it is
sufficient to compare their energies [38]; if the energies differ
by less than 10~!° we can be confident that the systems are
in the same minima. In d = 2, we verify this by looking at
the contact vector distance to identify minima, as was done in
Ref. [10]. This verification only works in d = 2 because the
radii are polydispersed; thus, the particles are distinguishable.
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FIG. 1. Top: Steepest descent minimization paths using varying
time steps starting from the same initial state. We minimize the
initial packing using time steps & between 10~° and 10~2. Each line
represents the SD path of a different §, colored according to the
unique minima to which the state will flow. The top green line is
our largest time step, with each subsequent line below it representing
smaller and smaller time steps. The final states are indicated by circle
markers. We see the curves naturally segment themselves based on
the time step. The black and red curves show the path for §’s right
above and right below 8. for the saddle point separating the best
minima and its first neighbor. We see the paths stick closely together
until the saddle point energy, at which they separate sharply. Bottom:
Force plot for the black and red curves. At the point of separation,
indicated by the black dotted line, we see a drastic dip in the force.
This tells us that it is a saddle point in the energy landscape.

Ideally, we would compare the minima found with a given
value of § to the true inherent state. However, lacking any
scheme to produce such an inherent state, we instead define
the “best minima” as the minima found using the smallest
practicable time step, 107°.

For a given starting point, we determine Jpeg, the largest
time step such that all smaller time steps result in the best
minima. The value &pey gives us insight into how small a
time step is needed to be reasonably sure we have found the
inherent state. To see how Jpesr Changes, we sample packings
in d = 2, 3, and 4 spatial dimensions with different particle
numbers N, and packing fractions ¢.

IV. RESULTS

In order to understand how the discrete-time dynamics
influence the trajectory of a system, we look at the steepest
descent path. For a given starting configuration, we first find
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the best minima using 8§ = 107°. Then, for a range of values of
8 logarithmically spaced up to 1072, we record, at every mini-
mization time step, the energy, force magnitude, and distance
in position space to the best minima.

Figure 1 (top) shows these discrete-time steepest descent
paths for a d = 2 packing of N = 16 particles at ¢ = 1.07¢y,
where @, is the jamming packing fraction. Each line repre-
sents a different time step, and the color represents into which
unique minima the packing minimizes. We see that for time
steps lower than ~5 x 1073, the lines are well segmented by
color, meaning that there is a continuous range of § for which
the SD dynamics all minimize to the same minima. The value
of § which separates each adjacent range of time steps is a
critical time step 8.y Whose dynamics bring the system not
to a minima, but to a saddle point which separates those two
minima.

For energy landscapes in high-dimensional spaces, low-
index saddle points are attractive in all but a small number
of directions. Thus, the trajectory of a perfectly overdamped
continuous dynamics will approach closely to each saddle
point that it encounters on the way down to the inherent
state. Further, in high dimensions, a random initial state is
likely to be near a border between basins of attraction in the
energy landscape and so the perfectly overdamped trajectory
of such a state will follow the border towards a saddle [39].
The time step in discrete-time SD dynamics introduces an
effective momentum, which allows the system to deviate from
the perfectly overdamped path. With enough momentum and
close to a saddle point, the system can be carried over the
separatrix between neighboring minima. Previous work has
shown the importance of saddles in the energy landscape of
glassy materials [40—44].

We can verify these are indeed saddle points by first adjust-
ing § so that the minimization path comes arbitrarily close to
the separatrix between wells. The black and red lines in Fig. 1
(top) are the paths for time steps bracketing d. for a repre-
sentative saddle point. The red curve has § = 8. + 1072° and
the black curve has § = 8. — 10720, We see that the paths are
identical until they hit the saddle point, whose energy is indi-
cated by the dashed vertical line, at which point they abruptly
begin to separate. Figure 1 (bottom) shows the force versus
energy plot of the black and red curves. At the saddle point,
there is a sudden dip in the force towards zero, consistent with
a critical point. Examining the Hessian reveals that it is an
index one saddle point, meaning that there is a single repulsive
eigenvector for the associated dynamical, or Hessian, matrix,
and all other eigenvectors are attracted to the saddle point.

For a given starting configuration, we can thus see that

abest = min[{acril,i}]a (4)

where {8q;} s the set of saddle points encountered by the
minimization path. As Jpest is bounded from below by zero,
one should expect the resulting Spes to be distributed accord-
ing to a Weibull distribution [45,46] with centering and width
determined by the functional form of the lower tail of the
distribution of 8. In fact, under certain circumstances, one
might find a Gumbel distribution instead, but this proves a
poor fit to our measured data and so is not explored here.
When measured with respect to the true inherent state, we
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FIG. 2. Top: Complementary cumulative distribution function of
Opest for packings in d = 2 (left), d = 3 (middle), and d = 4 (right)
spatial dimensions with changing N and ¢ held constant at 1.07¢,.
The y axis shows the probability that dpey is above a given time
step 8. The colors represent different N with darker colors conveying
larger particle numbers. The lines show the fits to the complementary
cumulative distribution function of the Weibull distribution, Eq. (6).
Bottom: Scaled complementary cumulative distribution function for
all data in the top figure. The x axis is scaled by 6*, and the y axis has
the A and k parameters scaled out. The circles represent the d = 2
data, the squares d = 3, and the triangles d = 4. Also included are
d =2, N = 16 packings with ¢ = 1.01¢; and 1.13¢;,.

should then find 8y distributed according to

\ k(8N sy
f(5§57k)=g(8—*> e ) (5)
where k is the shape parameter and §* is the scale parameter.
This picture is complicated by the fact that the measured
value of 8pesr is not the value below which the system will
always minimize to the true inherent state, but rather the value
below which the system will always minimize to the same
minimum as when 8§ = 107°. This can be incorporated into a
prediction for the complementary cumulative distribution of
the measured Spes; as a truncated Weibull,

Prob(Spey > 8) = Ae~®/%) (6)

where k and §* are the same shape and scale parameter as in
Eq. (5) and A = exp[(lO‘6 / 8*)] is a normalization factor to
enforce Prob(Spess > 107%) = 1.

Figure 2 (top) Shows the complementary cumulative dis-
tribution function of §yes for d = 2 (left), d = 3 (middle), and
d =4 (right) packings with ¢ = 1.07¢;. The y axis shows
the probability of finding the best minima using time step
8. Each color represents a different particle number, and
each line shows the fits to the complementary cumulative
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FIG. 3. Log-log plot of §* as a function of particle number for
d =2, 3, and 4 spatial dimensions at packing fractions of 1.07¢;.
The circles represent the d = 2 data, the squares d = 3, and the
triangles d = 4. The black dashed line shows a power-law decay,
while the red dashed line shows an exponential decay. Over this
range, we see §* fall with a functional form in between an exponential
and an inverse power law. In the inset, we show §* as a function of
packing fraction for a d = 2 packing with N = 16. Here, we see §*
is nearly independent of ¢. The error bars are due to fitting.

distribution function. In d = 2, N = 16, 32, 64, 128, 216. In
d=3,N =19, 31, 64, 128, 144. Finally, ind = 4, N = 32,
64, 108, 256. For a given value of N we find that this proba-
bility falls monotonically with increasing values of §.

Additionally, we look at the distribution of dpes for the
d =2,N = 16 packings at ¢ = 1.01¢; and 1.13¢;. As shown
in Fig. 2 (bottom), every d, N, and ¢ distribution can be
collapsed onto a master curve by scaling the x axis by §* and
scaling out the A and k parameters from the y axis. All data
collapse well to this master curve, affirming that g is indeed
Weibull distributed.

Figure 3 shows §*, the characteristic time step of the distri-
bution, as a function of particle number on a log-log plot for
packings in d = 2, 3, and 4 spatial dimensions. All packings
are at a packing fraction of 1.07¢;. We see that over this,
admittedly limited, range in particle number, §* falls with a
functional form somewhere in between an exponential and an
inverse power law. Thus, there is a sharp dropoff in dpes; With
increasing N, meaning we have to go to increasingly smaller
time steps as we gradually increase the particle number. As
a result, it is practically impossible to reliably find inherent
states for systems of more than about 64 particles.

When applying our methods to systems larger than those
studied here, we found that Spey Was always the smallest §
tried. Thus, it would be necessary to search for ever smaller
time steps, which become computationally infeasible. There-
fore, we cannot derive any meaningful statistics about Spes
for larger systems. However, this does ably demonstrate that
larger particle numbers do, in fact, require smaller time steps.

The inset in Fig. 3 shows §* as a function of ¢ for a
d =2 packing with N = 16. Here, we see that §* is nearly
independent of ¢.

Figure 4 shows k, the Weibull shape parameter, as a func-
tion of particle number on a log-log plot for d = 2, 3, and
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FIG. 4. Log-log plot of k, the Weibull shape parameter, as a
function of particle number for d = 2, 3, and 4 spatial dimensions at
a packing fraction of 1.07¢;,. Circle markers represent d = 2, square
markers d = 3, and triangles d = 4. In the inset, we show k as a
function of packing fraction for a d = 2, N = 16 packing. The error
bars are due to fitting.

4 packings. As before, all packings were held at a constant
packing fraction of 1.07¢;. We see only a gentle decrease in
k with increasing N. In the inset in Fig. 4, we show k as a
function of ¢ for a d = 2 packing with N = 16. We see over
this range of ¢ that k is nearly independent of ¢.

V. CONCLUSION

These results demonstrate that it is virtually impossible to
find inherent states for granular packings of large numbers of
particles (in our case, 64 particles or more). This is because
the steepest descent paths are attracted to saddle points in the
energy landscape, each of which has an associated critical
time step O.ir above which the system will be shunted into
the wrong minimum. In order to find the true inherent state,
one must choose a time step § that is lower than the smallest
dcrit- The set of time steps leading to inherent states is Weibull
distributed, and their centering falls rapidly with N, more
quickly than a power law but slower than an exponential. This
centering is seemingly independent of d and ¢.

These results indicate that the problem of finding inherent
states is not just due to computational precision, but rather a
physical one having to do with saddle points in the energy
landscape. The Weibull distribution of pes further goes on
to relate this phenomenon to the extreme value problem of
choosing a time step smaller than the saddle point with the
smallest 8.4 along the perfectly overdamped continuous dy-
namics path.

Adaptive minimization algorithms that change the time
step as they minimize can speed up the beginning of the
minimization process, thus allowing one to employ smaller
time steps §. However, we still must go to extremely small
time steps to find the inherent state. Most of the computational
effort will be spent close to these saddle points and using very
small time steps; therefore, the adaptive algorithms will likely
have only a marginal effect on the computational resources
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needed to accurately find the inherent state for large systems.
Thus, the framework of the inherent state tessellation of space,
while conceptually attractive, seems to be impractical. An
additional complication with adaptive algorithms comes from
the fact that the jamming landscape is fractal in nature. This
means that no matter where the packing may be along the path
(i.e., how thermally equilibrated it is), for sufficiently large
systems, the packing will always encounter a large number of
saddle points and will have to make choices based on the time
step. Since the problem presented here is a physical one, every
algorithm, despite how sophisticated it may be, will encounter
the extreme value problem.

Our article suggests that much of the work relying on ac-
curately identifying inherent states of glassy materials needs
to be revisited. Additionally, we show how extreme value
statistics can affect the dynamics of jammed packings. This
result allows us to use extreme value methods to study the

energy landscape of glassy materials, thus opening another
avenue of study.
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